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Abstract
Reliability Economics is a field that can be defined as the collection of all problems in which there is
tension between the performance of systems of interest and their cost. Given such a problem, the aim is to
resolve the tension through an optimization process that identifies the system that maximizes some
appropriate criterion function (e.g. expected lifetime per unit cost). In this paper, we focus on coherent
systems in n independent and identically distributed (iid) components and mixtures thereof, and
characterize both a system's performance and cost as functions of the system's signature vector (Samaniego,
IEEE-TR, 1985). For a given family of criterion functions, a variety of optimality results are obtained for
systems of arbitrary order n. The case of an underlying exponential distribution is used to illustrate these
results. Approximations are developed and justified when the underlying component distribution is
unknown. In the latter circumstance, assuming that an auxiliary sample of size N is available on component
failure times, the asymptotic theory of L-estimators is adapted for the purpose of proving the consistency
and asymptotic normality (as N → ∞) of estimators of the expected ordered failure times of the n
components of the systems under study. These asymptotic results lead to the identification of optimal
systems relative to a closely approximated criterion function. Proofs of the results stated herein appear in a
referenced Technical Report.
I. Introduction
The emerging field of Reliability Economics (RE) is perhaps most easily defined by its goals
rather than by its tools or results. The literature in Reliability Economics is quite widely scattered, and the
area is yet to be unified and conceptualized as a distinct field of study. Roughly speaking, the field can be
thought of as the collection of problems and frameworks in which there is tension between the performance
of a group of systems of interest and their cost. In general, expensive systems perform quite well and
inexpensive systems perform less well. Ideally, one would like to select the system that represents the best
compromise between performance and cost. This is, in fact, often the goal of an RE analysis, though there
are other goals of possible interest.
When one thinks of a particular manufactured system that one might consider purchasing, two
questions naturally arise: (1) “How well does it work? and (2) “How much does it cost?” These questions
are so natural that situations in which one or the other question might be deemed irrelevant would seem to
be both extreme and quite rare. If money were truly “of no object”, then naturally one would purchase the
system with the best performance, or if money was very tight, one might be forced to buy the least
expensive system available without questioning its performance characteristics. Excluding these extreme
situations, the natural strategy in procurement situations is to take both performance and cost into account.
It is thus quite surprising that the mathematical and statistical underpinnings of doing so in a systematic
way are, at present, in a relatively primitive state.
Exceptions exist in selected problem areas such as “warranty analysis” (see, for example, Blischke
and Murthy (1996) and Singpurwalla (2004)), but general developments in Reliability Economics are at
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present quite sparse. In military acquisitions, for example, it is frequently the case that a particular
prototype system is developed to meet certain performance and suitability goals, and that once a system
meeting those goals is developed and is validated through operational testing, the system is purchased in
whatever numbers the allocated budget can accommodate. Such an approach foregoes the formal
investigation of optimality questions such as “What system design would give us the best performance per
unit cost?” In this study, our goal is to address the question: “Is it possible to identify system designs
which are optimal in some appropriate sense in the face of economic constraints?” In more common
parlance, can one find the system that gives us the most bang for the buck? We discuss below our progress
toward answering that question.
Let us first examine why the problem of answering the type of question posed above has
heretofore resisted clean, analytical solutions. Consider the notion of “coherent systems of order (or size)
n”, a fundamental idea in reliability dating back to the seminal paper by Birnbaum, Esary and Saunders
(1961). Coherent systems of order n are n-component systems that are monotone (i.e., the state of the
system can only stay the same or improve when a component is improved), and in which every component
is relevant (i.e., it actually affects system performance under some configuration of the functioning or
failure of the other components).
Identifying the exact number of coherent systems of a given order is a fascinating open question.
A few crude approximations exist, but all that is really known is that the number is finite but tends to be
very large. The number is known to grow exponentially with n, so that, for example, there are well over a
billion different coherent systems of order 30. This provides part of the explanation for the resistance seen
in attempts to optimize relative to the class of all coherent systems of a given size. The problem is a
discrete optimization problem in which the space to be searched is usually huge.
There is a second reason that finding analytical solutions to optimization problems would be
difficult. That is that there has not been a tool available which summarizes the behavior of a system as a
design parameter with respect to which one can optimize. The structure function ϕ (see, for example,
Barlow and Proschan (1981)) which characterizes a system by the relationship between the n-dimensional
vector of 1s and 0s representing the states of the n components (working or not) and the state of the system
(1 or 0) is (i) awkward to compute for complex systems and (ii) too clumsy to use as an index for all
coherent systems of a given size.
These two difficulties, together, have led to the reliance on “searching techniques” for seeking
good (near-optimal) solutions as efficiently as possible. Genetic algorithms appear to be the favored
approach in the recent literature. There is a substantial literature on the latter approach. Chapter 7 of the
monograph by Kuo, Prasad, Tillman and Hwang (2001) discuss the algorithmic approach to constrained
optimization problems in reliability and provide many references. For a concrete example of the use of
genetic algorithms in searching for a system design that minimizes costs while achieving a fixed reliability
threshold, see Deeter and Smyth (1998). An example of the use of a genetic algorithm in searching for a
cost-optimal maintenance policy may be found in Usher, Kamal and Sayed (1998).
We now turn no to a discussion of some background ideas and results which provide the
foundation for the approach we will take to problems of optimal system design under reliability and
economic constraints.
2. Signatures and mixed systems.
In the formulation of problems in reliability economics we have studied, both of the obstacles
above have been overcome, one, quite curiously, by making the space of systems of interest even larger and
the other by identifying a new and useful index of that space. We’ll discuss the latter issue first, as the
former one follows upon it naturally. In a paper in the IEEE Transaction on Reliability, Samaniego (1985)
defined the notion of “system signature”. In brief, if one restricts attention to systems of order n whose
components have independent and identically distributed (iid) lifetimes, then the behavior of the system’s
lifetime is completely determined by the underlying component lifetime distribution F and a probability
vector s = (s1, s2,…., sn) called the system’s “signature”. The ith component of s is simply the probability

that the ith component failure (that is, the ith order statistic among the component failure times X1, X2,…,
Xn) causes the system to fail. Since all n! permutations of the n failure times are equally likely under an iid
assumption, the computation of s tends to be a manageable combinatorial problem. In Samaniego (1985),
representations were given for the distribution function FT, density function fT, and failure rate rT of the
system lifetime T in terms of the component lifetime distribution F and the signature s. Although it was not
applied to optimization problems at the time, it became clear over time that the signature serves as an
excellent index in optimization problems involving the family of coherent systems.
The use of signatures as proxies for the corresponding system designs requires a bit of a defense.
Since signatures are based on the assumption of iid component lifetimes, one might well question their
relevance in problems in which components lifetimes are dependent or have different distributions. This
question is taken up in Kochar, Mukerjee and Samaniego (1999), where it is argued that when comparing
systems, one wants to consider a level playing field, as it is clear that a poor system with good components
can outperform a good system with poor components. If, however, all components are independent and
have the same distribution, then any superiority in one system’s performance over another must be
attributable to the system design alone. Kochar, Mukerjee and Samaniego (1999) proved a number of
preservation theorem for signatures (e.g., stochastic ordering between two signatures implies stochastic
ordering between the corresponding system lifetimes). These results were used to demonstrate that
signatures were useful tools in the comparison of competing systems. Boland, Samaniego and Vestrup
(2003) showed the notion of signature was equally applicable to comparisons among communication
networks. Indeed, they established in that paper the exact relationship between Satyanarayana and
Prabhakar’s (1978) “dominations” and the signature of a network.
Having an index for coherent systems is, of course, not enough to render the optimization
problems of interest analytically tractable. That’s because one still has to contend with maximization over a
large discrete space. Boland and Samaniego (2004b) proposed consideration of stochastic mixtures of
coherent systems. A mixed system of order n is obtained by a randomization process over the class of
coherent systems of order n. In essence, one simply picks a coherent system of order n at random according
to a fixed mixing distribution. If coherent system τi has signature vector s(i) and is chosen with probability
pi for i = 1,…, k, then it is easily seen that the mixed system Σ piτi will have signature vector Σ pis(i). Since
the k-out-of-n system (which fails upon the kth component failure) has a unit vector sk:n as its signature
(with 1 as its kth element), it is clear that any probability vector p may be considered to be a signature.
Indeed, the vector p is the signature of the mixed system Σ pk sk:n. A simple example of a mixed system or
order 3 would be the system that selects the series system (whose signature is (1, 0, 0)) with probability ½
and a parallel system (whose signature is (0, 0, 1)) with probability ½. The signature of such a system is (½,
0, ½), which is different from any of the distinct signatures of the 5 possible coherent systems of order 3.
Mixing clearly expands the space of available systems.
The mathematical effect of introducing mixed systems is that a complex discrete optimization
problem is immediately converted into a continuous problem. We may now seek to optimize with respect to
the simplex of probability vectors in an n-dimensional space. The tools of differential and integral calculus
can now be brought to bear on this problem. Interestingly, we also discover, as will be explained below,
that there are problems in which a certain mixed system will dominate all other systems, that is, the strategy
of randomizing among a collection of coherent systems can outperform the best that can be achieved by
any coherent system (a degenerate mixture) alone.
3. Optimality Criteria
Implicit in the loose description of Reliability Economics above is the existence of a criterion
function that depends on both performance and cost and an optimization process for maximizing the
criterion function among the class of systems under consideration. In the work we report on here, we have
utilized a particular class of criterion functions with two basic properties that might be considered essential
in RE problems: the criterion function should vary proportionately with measures of system performance
and inversely with measures of system cost. In Samaniego (1985), it was noted that if T is the lifetime of a
system in iid components and with signature s, then the survival function of T can written as

P (T > t) =

∑

n

si P (Xi:n > t),

i =1

(3.1)

where X1:n, X2:n,…,Xn:n are the ordered failure times of the n components, from smallest to largest. It
follows that
ET =

∑

n
i =1

si EXi:n.

(3.2)

Thus, the expected system lifetime can be written as a linear combination of the elements of the signature
vector. In the same vein, one could envision the expected cost of a system as a different linear combination
of the components of s, say,
EC =

∑

n
i =1

cisi.

(3.3)

One instance where such a linear combination arises as an appropriate representation of cost is in the
“salvage model” where one assumes a fixed cost CF for all n-component systems, and models a component
cost as A and the value of a used component (salvaged from the system after the system fails) as B. Under
these assumptions, the expected cost of the system is given by
EC =

∑

n
i =1

(CF + n(A – B) + Bi) si,

(3.4)

which is a linear function of the elements of s as above. The criterion function under which the results
we’ve obtained are derived is somewhat more general than simply the ratio of (3.2) to (3.3) or (3.4). We
have sought to optimize a criterion function with would include such a ratio as a special case. Specifically,
we consider, as a measure of the relative value of performance and cost, the ratio
mr(a, c, s) = (

∑

n
i =1

aisi ) / (

∑

n
i =1

cisi )r.

(3.5)

Several remarks on (3.5) are in order. First, we note that, while setting ai = EXi:n is a natural
choice for the vector a, it is not required by our construct, and other choices might be preferred depending
on the application involved. One reasonable alternative is the vector a with elements ai = P (Xi:n > t), in
which case the numerator of (3.5) would simply be the system’s reliability function at the point t. Further,
the salvage model is but one way of motivating a sum such as Σcksk. Another would be to obtain an expert
assessment of the cost of constructing a k-out-of-n system, and then set ck equal to that cost. The
justification for that choice of the vector c is that the mixed system represented by the signature s can be
represented as choosing a k-out-of-n system with probability sk and thus incurring the cost ck with
probability sk. The expected cost of using this mixed system would be precisely Σcksk. The exponent r in
(3.5) is a tuning parameter that allows one to weigh performance and cost differently. While the case when
“r = 1” is of obvious interest, a large r might be required in problems in which controlling costs is essential
(putting a higher value on less expensive systems) while a small r is appropriate when performance is given
more weight than cost. The choice of r will vary with the application.
4. Optimality Results
Under an iid assumption on component lifetimes and under the criterion function given in (3.5),
we have obtained the following results. Proofs may be found in Dugas and Samaniego (2004).
Theorem 1: When r = 1, the criterion function (3.5) is maximized by a k-out-of n system.
The result above was obtained by variational arguments. The optimal system is the k-out-of-n
system with the largest ratio of a to c, that is for k such that ak/ck = max ai/ci, where the maximum is taken
over the values i = 1,…, n.
Theorem 2: For r ≠ 1, the criterion function in (3.5) is always maximized by a mixture of at most two kout-of n systems.
Theorem 2 was obtained using the tools of multivariate calculus. For each of the n(n-1)/2 possible
mixed systems in contention, the best mixture of the two systems involved can be calculated in closed
form. Thus, the identification of the optimal system reduces to a simple numerical comparison. It is worth
noting that, when r ≠ 1, the optimal system might be a k-out-of-n system (i.e., a degenerate mixture), but it
need not be. For example, when n = 2, r =2.5, ai = EXi:n, F is taken to be a uniform distribution and the

salvage model for costs is assumed, the mixed system with signature (2/3, 1/3) is optimal and strictly better
than either of the two coherent systems of order 2.
Theorem 3. If the sequence {ai/ci, i = 1,…., n} is monotone, then the optimal system is a mixture of a
series system and a parallel system, with the mixture being degenerate for r sufficiently large or small. For
sufficiently large r, the series system is optimal; for sufficiently small r, the parallel system is optimal.
Theorems 1 and 2 above settle the question of finding the optimal system for the criterion function
in (3.5) and for the case where the vectors a and c can be completely specified. Theorem 3 sheds light on
specific circumstances under which a particular type of system design is optimal. Note that the exponential
distribution satisfies the hypothesis of Theorem 3 when ai = EXi:n and the salvage model is assumed.
5. Statistical Issues
The problem that remains to be addressed relates to facilitating the practical application of the
results described above. The problem of identifying the mixed system that maximizes the criterion
function m in (1.5) has been solved for any fixed values of the vectors a and c and the constant r. Now, the
cost vector c and the tuning parameter r involve assessments on the part of the experimenter, and it is not
unreasonable to assume that these values can be determined, with the assistance of experts, in a given
application of interest. The vector a, on the other hand, is typically a function of the unknown underlying
distribution F of the iid component lifetimes. The most natural choice for a is the vector of expected order
statistics, with the ith element being given by ai = EXi:n for i = 1, 2,…., n. We will hereafter assume, for
concreteness, that this is the specification of the vector a that has been chosen. Our inferential results about
a can be adapted without difficulty to alternative specifications of a which depend on other aspects of F.
The practical implementation of the methods above for identifying an optimal system design
require that the vector a be estimated from data. Several questions arise: how should a be estimated? If the
vector a* = (a1*,…,an*) represent an estimate of the vector of expected order statistics from a “hypothetical”
sample of size n from F, what are the properties of the “optimal system” corresponding to a*? In the
theorems below, we provide answers to these questions. First, we note that, in the iid framework that has
been assumed, one can perform independent life-testing experiments on a set of N components and
estimate the expected order statistics corresponding to a sample of size n (the order of the systems under
consideration) using so-called L-statistics (i.e., linear combinations of order statistics) based on a random
sample of size N. Moreover, since n is the fixed size of the systems under study while N can be freely
chosen by the experimenter, one may assume that N is much larger than n. The large sample behavior of
our estimators (as N → ∞ ) of EXi:n for i = 1, 2,…., n will be of particular interest. It is easy to estimate
the order statistic ai = EXi:n consistently if one is willing to make simple but restrictive assumptions on the
distribution function F. For example, under the assumption that F has bounded support, one can quite easily
obtain consistent estimators {ai*} and show that the signature of the approximately optimal system
converges to that of the optimal system as N → ∞. However, the assumptions to which we’ve alluded fail
to apply to standard lifetime distributions F of practical interest. We thus turn to a more general framework
for ensuring the desired asymptotic behavior of “optimal system” corresponding to our estimator a*.
Stigler (1969, 1974) and Shorack (1969, 1972) developed the theory for the large sample behavior
of L estimators under a variety of scenarios. Under various sets of assumptions, L-estimators are shown to
be N - consistent estimators of their target parameter. Moreover, a suitably standardized version of the
statistic will be asymptotically normal. The strongest versions of such results have been obtained by van
Zwet (1980) and by Helmers (1982). Applying the tools and ideas of the theory of L-statistics, we have
developed a viable theory for the approximation of optimal systems in problems of practical interest. The
estimator of µi:n = EXi:n, for i = 1, 2, … n, that we propose for study is the L-statistic given by
µ*i:n =
where

1
N

∑

N
j =1

w i,j Xj:N,

(5.1)

w i,j = N

∫

j/N

( j −1) / N

[Γ(n+1) / Γ(i) Γ(n-i+1)] ui-1 (1 – u)n-i du.

(5.2)

The following asymptotic results regarding µ*i:n have been established. Proofs may be found in Dugas and
Samaniego (2004).
Theorem 4. If the underlying distribution F of the iid components of all mixed systems of order n has a
finite second moment, then µ*i:n

p
⎯
⎯→
µi:n as the size N of the auxiliary sample grows to ∞.

Theorem 5. If the underlying distribution F of the iid components of all mixed systems of order n has a
finite third moment, and if F is nondegenerate, then
D
N (µ*i:n - µi:n ) ⎯⎯→
Y ~ N ( 0, σi 2)

as N → ∞,

(5.3)

where
σi 2 =

∫

∞

−∞

∫

∞

−∞

w i (F(x)) w i (F(y))[F(min(x,y)) – F(x) F(y)] dxdy,

(5.4)

and

w i (u) = [Γ(n+1) / Γ(i) Γ(n-i+1)] ui-1 (1-u)n-i

for 0≤ u ≤ 1.

(5.5)

The results above allow one to estimate the criterion function mr of (3.5) with arbitrary accuracy.

⎯→ mr(a, c, s) as
The continuity of the function mr in the vector a ensures the convergence mr(a*, c, s) ⎯
N → ∞ for each fixed c and s, so that the value of the criterion function mr for the approximately optimal
signature s* converges as N → ∞ to that of the optimal signature relative to the true but unknown vector a.
p
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